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Abstract
The gauging of axionic, Stueckelberg-type, shift symmetries with generalized Chern-Simons terms
and the Green-Schwarz mechanism of anomaly cancellation has recently been studied in the context
of certain string compactifications and with regard to the phenomenology of unusual variants of Z ′-
bosons. In this talk, following recent work with De Rydt, Rosseel, Schmidt and Van Proeyen, I
summarize how such theories can be reconciled with global and local N = 1 supersymmetry. Two
simple consistency conditions are shown to encode strong constraints on the allowed anomalies for
different types of gauge groups.
e-mail: zagerman@mppmu.mpg.de
1 Introduction
In generic low energy effective field theories, gauge fields appear with non-minmal kinetic terms in
which the field strengths may multiply scalar field dependent coefficients. In the context of N = 1
supersymmetry, these scalar field dependent coefficients can be expressed in terms of the holomorphic
gauge kinetic function, fAB(zi), that depends on the complex scalars, zi, of the chiral multiplets 1:
e−1L1 = −
1
4 Re fABF
A
µνF
µν B + 14 i Im fABF
A
µνF˜
µν B . (1.1)
If some of the scalars zi are charged under the gauge group G, they may introduce a non-trivial gauge
transformation of the gauge kinetic function, δ(Λ)fAB = ΛCδCfAB 6= 0, where ΛC(x) is the gauge
parameter. Gauge invariance of (1.1) then requires that this induced transformation be of the form
δCfAB = fCA
DfBD + fCB
DfAD . (1.2)
This, however, is only the most general form when we consider the gauge invariance of the kinetic
term (1.1) in isolation. If we take into account also other possible terms in the classical and quantum
effective action, we can allow for a slightly more general transformation property of fAB:
δCfAB = iCAB,C + fCA
DfBD + fCB
DfAD . (1.3)
Here, CAB,C is a constant real tensor symmetric in the first two indices. One can show (see e.g.
[1]) that the above transformation law is of the most general form consistent with symplectic duality
invariance of the action and that the closure of the gauge algebra imposes the constraint
CAB,EfCD
E − 2CAE,[CfD]B
E − 2CBE,[CfD]A
E = 0 . (1.4)
Transformations with non-vanishing CAB,C are called axionic shift symmetries. The simplest exam-
ple is given by fAB(z) = zδAB with a scalar field z that transforms as δCz = iaC , for some constants
aC , leading to CAB,C = δABaC .
Obviously, (1.1) is not invariant under (1.3):
δ(Λ)e−1L1 =
1
4 iCAB,CΛ
CFAµνF˜
µν B . (1.5)
There are two known mechanisms that can cancel non-invariances of the form (1.5): (i) Generalized
Chern-Simons terms (GCS terms) and (ii) Quantum anomalies. To understand this, we split the tensor
CAB,C = C
(s)
AB,C + C
(m)
AB,C (1.6)
into its completely symmetric part, C(s)AB,C = C(AB,C), and a part of mixed symmetry, C
(m)
AB,C , with
C
(m)
(AB,C) = 0.
1We use the non-Abelian field strength FAµν = FAµν +WBµ WCν fBCA, where FAµν = 2∂[µWAν] is the Abelian part and
fAB
C denotes the structure constants of the gauge group, G, with A,B,C, . . . = 1, . . . ,dimG. The tilde denotes the
Hodge dual, F˜µν = − 1
2
ie−1ǫµνρσFρσ, and e is the vierbein determinant.
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(i) Generalized Chern-Simons terms
As was first found in the context of N = 2 supergravity in [2], and discussed more generally in [3],
generalized Chern-Simons terms of the form
SCS =
∫
d4xC
(CS)
AB,Cε
µνρσ
(
1
6W
C
µ W
A
ν F
B
ρσ +
1
8fDE
AWDµ W
E
ν W
C
ρ W
B
σ
) (1.7)
can cancel the terms proportional to the mixed part, C(m)AB,C , in the variation (1.5), provided we iden-
tify C(CS)AB,C = C
(m)
AB,C .
(ii) Quantum anomalies
An anomalous spectrum of chiral fermions induces a gauge non-invariance of the quantum effective
action, Γ[WAµ ], of the form δ(Λ)Γ[WAµ ] =
∫
d4xΛCAC , where AC denotes the consistent anomaly
AC = −
i
4
[
dABCF
B
µν +
(
dABDfCE
B + 32dABCfDE
B
)
WDµ W
E
ν
]
F˜µνA (1.8)
with dABC ∼ Tr({TA, TB}TC), where TA are the gauge generators 2. Quantum anomalies can cancel
the terms in the variation (1.5) that are proportional to the symmetric part C(s)AB,C , provided we have
dABC = C
(s)
AB,C . This is the Green-Schwarz mechanism. Thus, putting everything together, if we
have
CAB,C = dABC + C
(CS)
AB,C , (1.9)
the variation of the GCS term and the quantum anomaly together cancel the variation (1.5).
In [5], it was recently argued that GCS terms (together with anomalous chiral fermions) are
generic features of orientifold compactifications with intersecting D-branes [6], and that GCS terms
may lead to interesting phenomenological signatures for variants of Z ′-bosons (for more details on
these and similar models see, e.g., [7]). Other possible higher-dimensional origins of GCS terms are
described in [4, 8]. They also play an important roˆle in the manifestly symplectic formulation of
gauged supergravities of [9].
Given these interesting applications, it is important to explore to what extent the above mecha-
nisms can can be reconciled with supersymmetry. Quite surprisingly, in the context of N = 1 super-
symmetry, this has been fully understood only very recently in [1], which generalizes earlier work [4]
on GCS terms in global N = 1 supersymmetry without quantum anomalies. It should be emphasized
that the case of N = 1 supersymmetry is qualitatively different from the analogous treatments with
extended supersymmetry (as e.g. [2] and the general treatments [3, 9] that mimic the situation of
extended supergravity theories), as the latter theories cannot have chiral gauge interactions and hence
no quantum anomalies.
In the next two sections, I will describe the general implementation of gauged axionic shift sym-
metries, GCS terms and quantum anomalies in theories with global and local N = 1 supersymmetry,
following the more detailed exposition [1]. In section 4, I then clarify the roˆle of eqs. (1.4) and (1.9)
as strong constraints on the allowed quantum anomalies for different types of gauge groups.
2The form of the anomaly depends on the renormalization scheme, which we have chosen such that the anomaly is
proportional to dABC . Choosing a different scheme would change the coefficients in the GCS term.
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2 Gauge invariance of the fermionic terms
The action (1.1) in N = 1 supersymmetry can be obtained from a superspace integral
Sf =
∫
d4xd2θ fAB(X)W
A
α W
B
β ε
αβ + c.c., (2.1)
where WAα denotes the usual super field strength of the vector superfields V A that contain the vector
fields WAµ , and Xi are the chiral superfields. This superspace integral contains the fermionic term
1
4 i(Dµ Im fAB)λ¯
Aγ5γµλB , (2.2)
where
DµfAB = ∂µfAB − 2W
C
µ fC(A
DfB)D . (2.3)
Note that (2.3) is a fully gauge covariant derivative only if CAB,C = 0 and fAB transforms as in
(1.2). On the other hand, if CAB,C 6= 0 and fAB transforms as in (1.3), the derivative (2.3) is no
longer covariant, and the fermionic term (2.2) transforms by a shift proportional to CAB,C under
gauge transformations. In order to get rid of this term, one has to covariantize, by hand, the derivative
(2.3) also with respect to the axionic shifts:
DµfAB −→ DˆµfAB ≡ ∂µfAB −W
C
µ δCfAB = DµfAB − iW
C
µ CAB,C , (2.4)
which is equivalent to replacing (2.1) by
Sˆf = Sf + Sextra , Sextra =
∫
d4x
(
−14 iW
C
µ CAB,C λ¯
Aγ5γ
µλB
)
. (2.5)
It should be noted that a superfield formulation that implements this covariantization is only known
in the case C(s)AB,C = 0, i.e., when there are no quantum anomalies [4]. In that case, Sextra can be
combined with SCS to form a superspace integral that is valid in the Wess-Zumino gauge.
Putting now everything together, we have
δ(Λ)(Sˆf + SCS) +
∫
d4xΛAAA = 0, (2.6)
i.e., a gauge invariant theory, provided that CAB,C = dABC + C(CS)AB,C .
3 Supersymmetry
Thus far, we have shown how gauge invariance can be restored in the presence gauged axionic shift
symmetries in general N = 1 supersymmetric gauge theories. What we have not yet checked is
whether the new action Sˆf+SCS is also invariant under supersymmetry. A careful calculation reveals
[1]
δ(ǫ)
(
Sˆf + SCS
)
=
∫
d4x Re
[
− 32 iC
(s)
AB,C ǫ¯Rλ
C
Rλ¯
A
Lλ
B
L
−iC
(s)
AB,CW
C
ν F˜
µνAǫ¯Lγµλ
B
R −
3
8C
(s)
AB,CfDE
AεµνρσWDµ W
E
ν W
C
σ ǫ¯Lγρλ
B
R
]
. (3.1)
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This is not zero, and in fact, it should not be zero. The reason is that the above classical action is
not gauge invariant either. As we are working in the Wess-Zumino gauge, this will also imply a non-
invariance under supersymmetry (for more details, see [1]). Thus the classical gauge non-invariance
triggers a classical supersymmetry non-invariance. However, this is also true for the quantum gauge
anomaly; it also triggers a supersymmetry anomaly of the quantum effective action, δ(ǫ)Γ[WAµ ] =∫
d4xǫ¯Aǫ. The supersymmetry anomaly has been calculated by Brandt [10], and it is precisely the
negative of equation (3.1),
δ(ǫ)
(
Sˆf + SCS
)
+
∫
d4xǫ¯Aǫ = 0 . (3.2)
Thus, the entire classical plus quantum theory is indeed supersymmetric.
As can be verified using the superconformal calculus, all the above also goes through for the
supergravity version of this theory [1].
4 Gauge group constraints
In the previous sections, we described how an interplay of Peccei-Quinn terms, generalized Chern-
Simons terms and quantum anomalies can yield a gauge invariant and supersymmetric theory even
though each of these three effects individually violates gauge and supersymmetry invariance. In
this final section3, we would like to point out that the underlying cancellation of non-invariances is
possible only for certain types of gauge groups. In fact, it is easy to verify that semisimple gauge
groups do not fall into this category. One way to see this, is to first note that GCS-terms for a purely
semisimple gauge group can always be absorbed into the kinetic term (1.1) via a redefinition [3]
f ′AB = fAB + iZAB (4.1)
with a constant real tensor ZAB satisfying
C
(CS)
AB,C = 2fC(A
DZB)D. (4.2)
Without loss of generality, we can thus, for semisimple gauge groups, think of SCS as being absorbed
into the kinetic term and use C(m)AB,C = CCSAB,C = 0 in the resulting theory without Chern-Simons
terms. Using CAB,C = C(s)AB,C = dABC , the constraint (1.4) then implies
dABEfCD
E = 0. (4.3)
As a semisimple group has no Abelian ideals, (4.3) implies dABC = 0, i.e., a semisimple group must
be free of cubic anomalies, in agreement with the usual assumption.
If the gauge group is of the form Abelian × semisimple, only the purely semisimple GSC-terms
can be absorbed into the kinetic term. In case the other GCS-terms also vanish, we again have equation
(4.3), which now implies that all components of dABC with at least one semisimple index vanish. In
other words, we can have at most purely Abelian cubic anomalies if there are no GCS-terms. If we do
allow for GCS-terms, on the other hand, the constraint (4.3) becomes relaxed, and mixed anomalies
3Part of this section grew out of a discussion with J. De Rydt and T. Schmidt.
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of the type Abelian × semisimple2 are also allowed, as is consistent with the more explicit examples
in [5, 1, 11]. In the standard treatments of the Green-Schwarz mechanism, the GCS-terms in this case
are often referred to as counterterms that convert the covariant anomaly to the consistent anomaly (cf.
eq. (1.5) vs. (1.8)).
5 Conclusions
In this talk I have reviewed the general form of theories with Stueckelberg-type shift symmetries,
generalized Chern-Simons terms and quantum anomalies in the context of N = 1 global and local
supersymmetry [1]. The simple consistency conditions (1.4) and (1.9) encode all the more specialized
consistency conditions and assumptions that are frequently found in the literature and put them on an
equal footing. It would be interesting to further study the consequences of this work both with regard
to its possible phenomenological implications as well as its relevance for string compactifications
with background fluxes and intersecting branes.
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